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Dynamics of Atactic Polystyrene in Solution 
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ABSTRACT The solution dynamics of atactic polystyrene (5 X lo4 I M, I 105) is investigated by comparing 
theoretical calculation with quasi-elastic neutron scattering results in the intermediate range (0.05 < Q [ =4r 
sin (9/2)/X] < 0.3 The good-solvent expansion, the hydrodynamic interaction short of the Zimm limit, 
and the internal viscosity are taken into consideration; the intramolecular elasticity of an -[A-B]r stereo- 
chemically irregular chain is also taken into account for all the configurational modes in terms of the generalized 
characteristic ratio. It is shown that for Q > 0.1 the hydrodynamic interaction is quickly vanishing while 
the intramolecular elasticity and the internal viscosity are by far the dominating factors. Their joint effect 
induces an increasing chain rigidity with increasing Q, leading to a value of .B as small as 2 for the approximate 
power law t l lzQg = const, where t , p  is the half-peak time of the dynamic coherent structure factor. 

Introduction 
When investigated over short distances and/or short 

observation times, linear macromolecules tend to depart 
from a universal behavior.' While investigation of this 
behavior is more complex than at a large scale, it may offer 
a chance of understanding some specific conformational 
features of the polymer in question. In the framework of 
a systematic investigation of polymer dynamics, both ex- 
~er imenta l ly~-~  and theoretically,&1° in the present study 
we shall discuss some recent quasi-elastic neutron scat- 
tering results obtained by one of us (J.S.H.) from dissolved 
atactic polystyrene chains within the reciprocal vector 
range 0.05 < Q [ = 4 ~  sin (6/2)/X] < 0.3 A-l. As previously 
suggested, in this region the chain should depart appre- 
ciably from the bead-and-spring model although its in- 
teratomic correlation functions are still reasonably well 
described within a generalized Gaussian  approximation.'^^ 
It  is worth pointing out that (i) the commonly adopted 
linear form of the dynamic equations is rigorously com- 
patible only with a Gaussian interatomic probability dis- 
tribution, (ii) even though the accuracy of such a distri- 
bution at  equilibrium may be poor if the two atoms are 
contiguous along the chain sequence, it is important to 
stress that it steadily improves with time in the time-de- 
pendent case, because the Brownian forces impart random 
impulses to the chain atoms,8 and (iii) in the present 
context the Gaussian approximation has a quite different 
meaning from that currently attributed to the bead-and- 
spring model or to Kuhn's model'' of rigid, freely jointed 
segments. In fact, in our case the (exact)8 mean-square 
equilibrium distances as well as the intramolecular elastic 
forces depend on the configurational properties in a less 
simple way; they are both derivable from the function C(q) ,  
which is a generalization of the usual characteristic ratio 
C ,  for Fourier modes containing 2 r / q  chain atoms within 
their wa~elength .~*~ 

In the two following sections of the present work, this 
approach will be extended to the case where the monom- 
eric units comprise two skeletal atoms, instead of one only, 
and also the chain displays a random sequence of ster- 
eoisomeric centers (Le., the phenyl-substituted backbone 
atoms), as in atactic polystyrene; provided the chain 
motions are not very localized, we will show that the 
problem may be reduced to that of an effective chain with 
a simple - [ A ] r  structure. Then, in addition to the in- 
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tramolecular equilibrium forces embodied in the C ( q )  
function, we will take into consideration the following 
factors, not appearing in the current Rouse-like12 or 
Zimm-like13 approaches: (i) the internal viscosity; (ii) the 
hydrodynamic interaction without reaching the Zimm 
limit; (iii) the good-solvent expansion. Factor i will be 
regarded as due to the skeletal rotational barriers hindering 
propagation of intramolecular strain, and it will be as- 
sumed to be compounded with the solvent viscosity, in 
Kramer's diffusive limit?J4 Factor ii will be treated within 
the preaveraged approximation, by using Edwards and 
Freed's Fourier-transform approach15 in the discrete-chain 
formulation given by Ronca.GJe The good-solvent expan- 
sion will be taken care of by adopting an approach recently 
proposed by some of us, based on a self-consistent Gaus- 
sian approximation for the interatomic distance distribu- 
tion function.1° The specific effect exerted by each of the 
above three factors will then be compared. Some of the 
parameters we use in this study (see above points i and 
ii) are derived from previous work,g which partly refers to 
dynamical-mechanical measurements in very viscous sol- 
vents;17-19 this makes it possible to analyze the validity of 
Stokes' law of friction over a very wide range of solvent 
viscosities as well as over different experimental tech- 
niques. When calculating the excluded-volume parameter 
(see (iii)), we relied on the viscosimetric results from 
polystyrene solutions reported by Nystrom and Roots.20 

It  should be stressed that the main reason for adopting 
the above-quoted theoretical approaches is that they are 
naturally compatible among themselves, all being based 
on a Fourier representation of the chain motion. 

The reader uninterested in the various steps of the 
mathematical procedure may perhaps jump directly to the 
Neutron Scattering Experiments section. 

Configurational Potential of an -[A-BIN- Chain 
In analogy with the approach previously followed for 

chains with an - [ A ] r  s t r ~ c t u r e , ~  we shall first obtain the 
configurational free energy of the unperturbed chain, from 
which the elastic force appearing in the dynamical equa- 
tions will be evaluated. Let us refer to the schematic 
structure in Figure 1, where a ringlike chain is considered 
for simplicity ( N  - m). It should be stressed that the 
monomeric units will be assumed as effectively equivalent 
throughout. As it  will be explained in a following section 
dealing with the characteristic ratio C ( q ) ,  our configura- 
tional description is to be understood as the weighted 
average over the different sequences of stereoisomeric 
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a ( q )  = c(q)  = (2N)-'l2 exp[iA(q)/2] (4f) 

b(q) = -4s )  = (2N)-'/2 exp[-iA(q)/2] (4g) 

where eq 4e defines A(q). The statistically independent 
bond-vector combinations are 

e = LVT (V-1 = (V*)T) ( 5 )  

(5') 
(It should be noted that the tilde does not imply the 
"transpose" operation, which is specified here by a su- 
perscript T.) After_m_ultiplic_ation by (2N)'/2, the odd and 
even elements of L (1A and lg, respectively) become 

because (see eq 1 and 2) 

(f,T.L) = V.M.V-1 = A 

- 
1A(q) = 
N 

p = l  
exp(ipq)(exp[~A(q)/211(2p - 1) + exp[-iA(q)/211(2p)I 

( 6 4  

c exp(ipq){exp[iA(q)/211(2p - 1) - exp[-iA(q)/211(2~)1 

(6b) 

the index 2n - 1 or 2n of the general element of L being 
related with q through n = q / ( 2 ~ / N ) .  Following ref 7, 
within the quadratic approximation the configurational 
free energy of the chain subjected to a set of constant forces 
producing-as an average the configurational components 
1A(d and 1B(d is 

I&) = 
N 

p = l  

X 

Figure 1. Schematic representation of the polystyrene macro- 
molecule (see text). 

centers appearing in a long chain of atactic polystyrene. 
We define 

L = [1(1), 1(2), . . . ,1(2" ( l a )  

M = (LT,L) = 

, . . (1(2).1(2N)) ( l b )  1 0(1)*1(2)) . . . (l(l).1(2N)) 
(1(2).1(1)) l 2  

(1(2N).l(l)) (1(2N).1(2)). . . 1 ,  
[1;. 

where l(k) is the vector associated with the kth bond, 1 is 
its length, and the angular brackets denote the configu- 
rational average. I t  should be pointed out that, because 
of the cyclic chain structure, M is cyclic with order 2; Le., 
the kth row is obtained from the (k - 2)th one after a cyclic 
shift. Consequently, M may be made diagonal as follows 

M = V ' A V  (2a)  

A = 1' (2b)  

where 

l o  
. . . . . . . . . . . . . . . . . . . . .  

E2 is the unit matrix of order 2 and q1 = 2?r/N. With 
standard algebraic methods, we get from the above (a, 
a(q), b, = b(q) ,  ..., A, = A(q),  etc., with q nq,) 

(4) = 277/N, 477/N, 677/N, ..., 277 
X(q) = A(q) + IfB(q)l 

pL(q) = .m) - IfB(q)l 

( 4 4  
(4b) 
(4c) 

(4d) 
N 

p=l 
A(q) = 1-2C (1(1).1(1 + 2p)) exp(-ipq) 

B(q) = IB(q)l expliA(q)I = 
N 

p=l  
PC (1(2).1(1 + 2p)) exp(4p.q) (de) 

It  should be pointed out that in the present case the 
eigenvalue functions A(q)  and p(q) taken together corre- 
spond to the generalized characteristic ratio C(q) of an 
- [ A ] r  polymer.' With A(q) they contain complete in- 
formation on the equilibrium mean-square interatomic 
distances. As an example, if r(2m) is the distance between 
the two even or odd atoms of mth neighboring monomeric 
units, it may be proven that (see Figure 1; the index 2m 
refers to the number of intervening bonds and the suffix 
zero to the unperturbed state) 

where cp(q) = A(q) for even and q(q )  = q + A(q) for odd 
atoms. 

Dynamic Equations in  the  Free-Draining Model 
Deferring to a later section the explicit evaluation of 

X(q), p(q), and A(q), we may now obtain the x-projection 
fJk) of the elastic force acting on the kth chain atom for 
a given set of _theFourier components_(lA(q), lB(q)]. In- 
dicating with l h ,  lgx the projection of lA(q), lB(q), let us 
write as implicit definitions of 2A(q), f B ( q )  (q # 0) 
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Remembering that lx(k)  = x(k )  - x(k  - 1) (see Figure l ) ,  
eq 6 and 9 establish a connection between xA(q), fB(q), and 
x ( k ) ,  which is explicitly reported in eq A-4 of the Appendix. 
Expressing now the scalar products in eq 7 as a sum of 
separate contributions over x ,  y, z ,  we have 
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while the full expression is reported in the Appendix (eq 
A-1). Introducing the time variable, denoting with l1 and 
t2 the effective solvent-friction coefficients of the even- and 
odd-numbered chain atoms (see Figure l), and omitting 
initially the excluded-volume effect as well as the hydro- 
dynamic interaction and the internal viscosity, the dynamic 
equations are 

where X1 and X2 are the stochastic Brownian forces as- 
sociated with the two atoms of the pth monomeric unit. 
Multiplying by exp(ipq) and summing over /I from 1 to N 
remembering eq A-4, we have a system of two linear 
first-order differential equations containing ZA(q,t) and 
zB(q,t) (see eq A-8). The only physically meaningful so- 
lution is given by 

where Ph and bh are linear combinations of the 8,. The 
full expressions of Ph, bh, 7h(q) (h  = 1, 2) are reported in 
the Appendix, eq A-11-A-14. Confining ourselves here to 
motions not involving short chain sequences, so that q << 
1 rad (when A(q)  << 1 rad, cf. eq 4) from (A-11) and (A-12) 
we get for the relaxation times 

It is natural to recognize ~ ~ ( q )  and r2(q) as the equivalent 
of the acoustic and of the optical branch in a monodi- 
mensional Brillouin zone.21 Clearly, for sufficiently small 
q, rl (q)  >> 7&), the more so because X(q) is expected to 
be much larger than p ( q )  (see eq 4). This suggests that 
the contributions given by the latter branch to the chain 
dynamics may be neglected in the present limit. Consid- 
ering that eq A-13 gives 

let us define 

so that we have from eq 12-15 (q << 1) 

(16b) 
It  should be pointed out that the above results are essen- 
tially identical with those for an - [ A ] w  chain (see eq 25 
and 25' of ref 8) provided we state the equivalence 

G / 2 )  X(q) (174 

7(4/2) = 71(q) (17b) 

g(q/2,t) '/z[zA(q,t) + z B ( q , t ) ]  (174 

Z(q/2,t) E xAV(q,t) (174  

(The correspondence between q in the -[A-B]r chain and 
q / 2  in the equivalent - [ A I 2 r  chain may be easily un- 
derstood if we consider the wavelength of the q mode along 
the chain contour; this is given by 2n/q monomeric units 
in the former case, which means twice as many chain at- 
oms (Le., 2n/(q/2)) in the equivalent chain.) We have thus 
reduced our dynamical problem to that of an equivalent 
- [ A ] w  chain through eq 15-17, a t  least for sufficiently 
collective modes (Le., q << 1); for simplicity we shall adopt 
henceforth the coqesponding formalism, based on {, C(q), 

Solvent and Internal Viscosity Effects 
It  is now possible to introduce (i) the chain expansion 

due to the good solvent, (ii) the hydrodynamic interaction, 
and (iii) the internal viscosity. 

(i) Good-Solvent Effect. This will be embodied into 
the generalized characteristic ratio C(q) (see eq 17) which 
takes the following "effective" formlo 

Ceff(q) = C(q)c2(q)  (18) 

Here c2(q) is the square expansion factor of the q normal 
mode which may be evaluated if the excluded volume 
parameter per chain atom /3 is known. Since our experi- 
mental data were obtained from polystyrene solutions in 
C6D6 and cs2 at  30 and 70 "C ,  i.e., much above the 0 
temperature, we could not make use of the linear expan- 
sion of /3 in terms of (T - e), as done elsewhere.22 Instead, 
we preferred to get an approximate estimate of the solvent 
effect by using the viscosity plots reported by Nystrom and 
Roots for different solvent types and molecular masses.20 
Classifying our solvents as "good", we first obtained the 
average expansion factor cu(A.4) from Figure 8 of ref 20 and 
the relationship 

(19) 

where M is the molecular mass. From Flory's theory23 
(reported in terms of aF2(k)  in Figure 1 of ref 10, k being 
the number of skeletal bonds; k = MI52 for polystyrene) 
we obtained pk1J2, hence 8, which is an adimensional form 
of the excluded volume parameter per chain atom.1° 
Taking a typical value of lo5 for our molecular mass, 6 N 

0.016. With this parameter, and again with the use of 
Figure 1 of ref 10, we obtained the plot of C 2 ( q )  vs. q 
reported in Figure 2. Possible differences induced either 
by the temperature (i.e., 30 or 70 "C) or by the solvent (cf. 
Table I) were disregarded. The modest expansion effect 
due to the screened intramolecular interactions, existing 
even in the 8 state,24 was also disregarded. 

4 q ) ,  x (q , t ) ,  and X(q,t). 

cu3(A.4) = [Tlgood solvent/[Ple solvent 
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ref 9c) is introduced; namely, the assumption of ring clo- 
sure is now abandoned. 

(iii) Internal Viscosity. Accounting for this factor 
entails a nontrivial effect on the dynamic equations? Since 
our attention is confined to the Fourier modes with q << 
1, the observation times may be assumed to be much larger 
than the average relaxation time for skeletal bond rotations 
T@ Consequently, the symmetrized form of the dynamic 
equationz5 reduces to ( t  >> T ~ )  

aZz(q,t) + 2abE(q,t) + (b2 + c 2 T 2 Z ) I ( q , t )  = 
ax", + bX,(q,t) - i C T d g ( q , t )  (21) 

1 0 1 1  loon 

Figure 2. Plots of C(q) for atactic polystyrene at 30 "C (PS, from 
eq 29) and polyethylene at 127 "C (PE, from ref 7). Also reported 
for PS are the plots of ~ ( 2 q ) ,  A(2q) (from eq 4), and S2(q) (see 
text). 

(ii) Hydrodynamic Interaction. According to Ron- 
ca,16 the effect of hydrodynamic interaction may be in- 
corporated into a suitable modification of the friction 
factor, which acquires the following q-dependencegc 

(20) 

where, indicating by r (k )  the distance between backbone 
atoms separated by k bondsgc 

i(q) = i /[1 + hOf(d1 

and, according to our Gaussian approximation 

If we put q = 0 into 20' it is easy to show that 

(209  

where RH is the hydrodynamic radius. For sake of 
agreement with previous definitions, we will put (the 
subscript zero stands for the unperturbed average) 

and consequently 

(20") 
It  should be noted that f (0)  reduces to 7r(2h9'f2 in the 
unperturbed case (see eq 20'9, like in a previous paper?c 
It should also be noted that a minor change from Ronca's 
procedure described in the same paper (see Appendix I of 

A 2a 
N' N {q ]  = f - f--, ... (-4-7) 

(21'a) 

(21'c) 

From the above, the interatomic correlation function be- 
comes (see eq 42 of ref 9c) 

where r(k,t) is the vector position of the kth atom at  time 
t ,  and 

(22'b) 

(In eq 22 the term with q = 0 is easily obtained analytically 
as the limit for q - 0.) Since the interatomic vector r(k) 
is nothing but [r(k,O) - r(O,O)], we have 

( r 2 ( k ) )  = W , O )  (22") 

which completes the operational definition of ( r - l (k) )  (see 
eq 209. Clearly, the effective relaxation time ?(q) reduces 
to T ( q )  (see eq 17) if the internal viscosity, the hydrody- 
namic interaction, and the excluded-volume effect are 
absent, Le., so 5 0, ho 0, 62(q) 1. 

Once we have the correlation function B(k,t)  (see eq 22) 
the dynamic structure factor may be evaluated (see fol- 
lowing eq 32). To get B(k,t) ,  we must select appropriate 
values of c, T ~ ,  and ho (see eq 15,21, and 20, respectively) 
for each temperature. The first two parameters will be 
expressed as 

+t = 6ARe€f% (23) 

70 = Kqs eXp(A/kBT) (24) 

where A is the effective average energy barrier between 
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Table I 
Sample Characteristics 

sample temp, concn, 
sample no. exptl technique (Q, A-1) "C M, solvent wt % 

polystyrene (hydrogenated) l a  spin echo (Q < 0.06) 30 95000 CsD, 3 
Ib  spin echo (Q > 0.06) 30 50000 3 
2 spin echo (0.05 < Q C 0.13) 70 95000 CsDs 3 

polystyrene (deuterated) 3 spin echo (0.04 < Q < 0.13) 30 76000 CS2 2 
4 back-scattering (0.11 < Q < 0.27) 30 100000 csp 3 

Table I1 
Physical Parameters Used in the Calculations 

symbol definitiona value source 
1 
9 
A 
!$ 

Reff 

2N 

7s 

r 

t 0  

TO 

C-C bond length 
LC-C-C bond angle 
eq 24 
eq 20 
eq 10, 17 of ref 10 

eq 23 

no. of skeletal atoms, eq 4 

solvent viscosity 

eq 15 

eq 16 

eq 21 

1.54 A 
112" 
3.7 kcal/mol 
0.03 
0.016 

0.38 & 0.06 A 

current literature 
current literature 
theory, ref 26 
best fit with mechanical results (ref 9c, 17-19) 
present paper, section containing 

present paper, best fit with 

same order of magnitude as the 

current literature 

eq 18, 19 

scattering results 

experimental M, (see Table I) 

from eq 23 

from eq 16 

best fit with mechanical results (ref 9c, 17-19) 

a Definition or first appearance in equations. 

rotational states and K is a proportionality c ~ n s t a n t . ~  In 
(23) we assume the validity of Stokes' law with a suitable 
effective radius per chain atom, while in (24) the rotational 
relaxation process is taken to be of the Kramers' activated 
type in the large-viscosity limit (see, e.g., eq 17 of ref 14, 
where r a To-'). The corresponding expression given by 
one of the present authors (see eq 22 of ref 9b) may be put 
into agreement with the above if the frequency factor A 
is taken as aqL1, following Kramers' ideas. Equations 23 
and 24 contain three parameters which cannot be exactly 
dedwed from theoretical considerations, i.e., Reff, K ,  and 
A. The last of these may be approximately derived from 
the calculated energy maps of Yoon et a1.,26 considering 
Helfand's conclusionsn (supported by Fixman's numerical 
calculationsz8) that the effective rotational barrier for the 
chain is close to the value pertaining to single skeletal 
bonds. Accordingly, we have chosen A N 3.7 kcal/mol. 
Also, from previous comparison of the calculated complex 
modulus of polystyrene chains with dynamical-mechanical 
results of the Wisconsin g r o ~ p , ~ ' - ~ ~  the best-fitting value 
of T,, at  T = 30 "C turns out to be close to 47{12/kBT, 
whence K = 5.7 X 10-4{/0, cm. This leaves a single pa- 
rameter to be adjusted, e.g., Reff, from which { may be 
obtained for a given solvent. Although at  this point we 
might use the relationship between ho and </qs established 
through the preaveraged Oseen tensor (see eq 209, we have 
chosen to keep ho fixed at the empirical value 0.03 which 
was adopted to fit the dynamical-mechanical results,sC in 
good agreement with the figures repeatedly obtained by 
the Wisconsin g r o ~ p . l ~ - ' ~  The reason for this choice is that 
eq 20" is due to a rather elaborate sequence of theoretical 
assumptions. 

We have chosen 2 N  = 2000 for our calculations, corre- 
sponding to M N lo5 which is close to the experimental 
M i s  (see Table I). No particular accuracy appears to be 
required for this figure, considering that in our Q range 
the dynamic structure factor is independent of M ,  as long 
as the radiation probes internal motions only. 

The basic physical parameters adopted in our calcula- 
tions are listed in Table 11; some of these values will be 
commented upon in a following section. Before proceeding 
to evaluate the dynamic structure factor, we still have to 
account for the chain configurational properties, incorpo- 
rated in the function C(q) (see eq 17). Its calculation for 
an atactic polystyrene chain will be discussed in the next 
section. 

Evaluation of C ( q )  for Atactic Polystyrene 
In analogy with the procedure followed by some of us 

to evaluate C, for atactic polypropylene, we will adopt the 
pseudostereochemical equilibrium method,29 thus formally 
reducing the problem to that of a chain with the same 
structure for all its monomeric units. Following Yoon, 
Sundararajan, and FloryZ6 the rotational-isomeric-state 
scheme will be adopted, with two possible rotations around 
each skeletal bond and by assuming first-neighbor energy 
correlation. Let us label with m (meso) and r (racemic) 
respectively the pairs of adjacent monomeric units (dyads) 
with the same and with an opposite stereochemical con- 
figuration for their substituted C atoms. We shall denote 
with U, and U, the 2 X 2 matrices carrying the statistical 
weights for the allowed rotation pairs around bonds (211 
- 1, 211) for either dyad, and with U1 the corresponding, 
undifferentiated matrix for the rotation pair (211, 2p  + 1) 
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(see Figure 1). Let us define 
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h = largest eigenvalue of U = U".U'  
a (a*)  = row (column) eigenvector of U, 

for the eigenvalue h 

W3',  U,",  a,,  a , * ) =  ( U ,  U", a ,  a*)  0 E, 

(25i)  

(251) 

In the above, u is a suitable multiplier that adjusts the 
percentage of meso dyads at  the value required,29 0 is the 
symbol of the matrix direct product and E3 is the unit 
matrix of order 3. T(p) is the (3 X 3) matrix performing 
the rotation cp around the general bond. For U,, U,, and 
U1 we used the same structure and same parameters as 
adopted by the quoted authors, i.e., 

u, ;6-. v - '  ] (26a)  

u. = [  3 (26b)  

u ,  =[; 3 (27c)  

W / V 2  

W ' I T  

= U '  = 1.3  exp(-1000/T)  (26d)  

a'' = 1.8 exp(-1100/T) (26e)  

0.8 exp(200 iT)  ( 2 6 f )  

Correspondingly, pl I: +lo" and pz = +110°,26 while (0  
= LC-c-C) 

O I  

-cos 4 sin 6 
sin fi cos 9 cos 1.9 cos q sin P ( 2 7 )  
sin fi sin q cos 8 sin -COS q 

in the assumption that cp = 0' denotes the trans arrange- 
ment and the bond undergoing rotation coincides with the 
x-axis of its intrinsic Cartesian frame. The angle 0 was 
equated to 112' on both the skeletal atoms of the mo- 
nomeric unit. 

Using current matrix algebra, from eq 25-27 i t  may be 
shown that 

L 
12[1 0 0 ] a , ~ - ~ Q ~ q * O  ; p < 0 (28c)  61 

where the periodic chain structure is implicit (Ik 
From eq 4, 25, and 28 we have 

lm+&. 

C ( q )  = h(2q)  = A ( % )  + lfB(2q)l (29a)  

~ ( 2 q )  = [l 0 O]a,(E - T2)@a3*0 [] (29b)  

fB(2q) = [l 0 Ola, {[E - T e x ~ ( - 2 i q ) l Q , * ~  + 

Z@[E exp(-2iq) - ~ ] } a , *  0 (29c)  E1 
Q, = [E + T~ - 2 COS ( 2 q ) ~ I - l  (29d)  

E being the unit matrix of the same order as 7. Taking 
T = 303 K and u = 1, the fraction of meso dyads, f, 

fm = Ea h [:m OJa* (30) 

is 0.43, and correspondingly for racemic dyads f, = 0.57. 
The statistical distribution of the dyads implicit in our 
description has been verified to be close to Bernoullian, 
or zero-order M a r k ~ f f i a n . ~ ~  It  should be remarked that 
by choosing u = 1 we have actually referred to the same 
ensemble of polystyrene chains as obtained from a hypo- 
thetical stereochemical equilibration.30 Figure 2 shows the 
resulting function C(q) in a range of q values extending 
from the cooperative chain modes (q = 0) to quite localized 
modes with n4 = 2 ~ / q  N 10 chain atoms per wavelength. 
For comparison, the p ( 2 q )  function is also reported, thus 
enabling evaluation of both ~ ~ ( 4 )  and r2(q) (see eq 13); it 
is easy to check that ~ ~ ( 4 )  >> ~ ~ ( 4 )  over the whole range 
for any value of and 5;, is agreement with the initial 
hypothesis. Also for comparison, C(q) previously obtained 
by one of us for polyethylene' is shown; the greater chain 
rigidity of polystyrene shows up both in the larger peak 
value and in the smaller half-peak width, the product of 
the two parameters being roughly the same for the two 
polymers. As may be observed in Figure 2, the sharpness 
of the peak at the origin is further enhanced after mul- 
tiplying C(q) by the square expansion factor C2(q) (see eq 
18). For computational purposes, the function has been 
approximated to the expression 

0'0899 + 0.365 N 
c(q) = 1 - 0.990 cos Q 

0'0899 + 0.365 (31) 
0.010 + 0 . 4 9 5 ~ ~  

as previously done by some of us.8*24 The last approximate 
equality is justified by the present assumption of small Iql. 
We may roughly take 30°, or 2~112,  as the upper limit of 
validity of the present approach, corresponding to con- 
figurational waves of not less than - 12 chain atoms per 
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0us1y.~ In principle, the back-scattering signal is a sum 
of coherent and incoherent contributions. In our case the 
only sample examined with this technique is a deuterated 
polymer (see Table I, sample 4) in CS2, for which the 
incoherent contribution is almost negligible.2 The data 
were previously analyzed in the form of S(Q,w). For the 
present purposes the frequency data have been Fourier 
transformed to give S(Q,t) to enable comparison with the 
calculated correlation functions. A discussion of the re- 
lationship between S(Q,t) and S(Q,w) is given by Heide- 
mann et al.% The procedure adopted for obtaining S(Q,t) 
from INlO data is given in a report by W. S. how ell^.^^ 
Data are first corrected for can scattering, self-absorption, 
etc. in the usual way. A fast Fourier transform of the 
sample and resolution experiments is made and the sample 
S(Q,t) is obtained by dividing the two FT spectra. The 
standard deviations are computed for the Fourier coeffi- 
cients from the statistical noise on the original data. The 
function S(Q,t)/S(Q,O) should be unity at t = 0 so the data 
have been renormalized using visual extrapolation to ob- 
tain S(Q0). 

In conclusion, all our measurements concern coherent 
scattering (see Figure 3). The computed curves have been 
fitted to the experimental scattering without further ad- 
justment. 
Results and Discussion 

The dynamic, coherent structure factor of the N-mo- 
nomeric units polystyrene chain may be expressed as 
follows36 

Figure 3. Experimental points (with error bars) and calculated 
plots of S,(Q,t) (eq 32) vs. t for different Q values. Sections 1, 
2,3 and 4 respectively correspond to samples 1-4 reported in Table 
I. Data from back-scattering experiments (sample 4) do not 
comprise the results for the shortest time, in view of the large 
error involved with data processing.M The Q-values (A-1) for 
sections 1-3 are as follows: (A) 0.0396; (0) 0.0528; (m) 0.0660; (0) 
0.0792; (0) 0.1056; (0) 0.1320; (e) 0.1583. Those for section 4 
are as follows: (A) 0.11; (V) 0.15; (0) 0.19; (a) 0.23; (0) 0.27. 

wavelength, a distance of observation corresponding to just 
a few angstroms. The modest effect on C ( g )  of the change 
of temperature from 30 to 70 OC will be disregarded in the 
following. 

Neutron Scattering Experiments 
The data were obtained by using two high-resolution 

spectrometers a t  the Institut La~e-Langevin;~~ they are 
reported in Figure 3. 

The dynamic coherent structure factor S(Q,t) was ob- 
tained directly for polystyrene in C6D6 by using the IN11 
spin-echo s p e c t r ~ m e t e r . ~ ~ ? ~ ~  Because the measurement 
keeps track of the neutron spin, this spectrometer allows 
clean separation of the coherent and incoherent signals. 
Details of the narrow molecular weight polystyrene frac- 
tions and the solution concentrations are given in Table 
I; samples l a  and l b  differ in their molecular weight only. 
All the samples were held in quartz cells for ambient 
temperature experiments and niobium cells a t  higher 
temperature. Data at 30 OC for the lower molecular weight 
sample have been reported previously” together with the 
details of the experiments. The new data were obtained 
in exactly the same way. 

With the INlO back-scattering spectrometer the dy- 
namic scattering was measured initially as the frequency 
transform of S(Q,t), S(Q,w).% This instrument has a lim- 
iting energy resolution of 1 peV and a lowest measuring 
angle corresponding to Q = 0.07 A-l. In this case we in- 
clude data for Q > 0.11 A-l, where the full width at  half- 
maximum of S(Q,w) becomes greater than the energy 
spread of the incident neutrons. 

The details of the measurements on solutions, held in 
thin-walled aluminum cans, have been reported previ- 

. -  

”) 2N exp[-iQ2B(k,t)]) (32) 

where it is assumed for simplicity that the total effective 
scattering power is evenly concentrated on the chain 
atoms ( Q  = 47r sin (t9/2)/X).37 First the correlation 
function B(k,t) has been evaluated by using eq 22, with 
the physical parameters of Table I1 and the function C ( g )  
given by eq 31 (and reported in Figure 2). The resulting 
plots of S(Q,t) vs. t are given in Figure 3 for all the samples 
of Table I. All the experimental values have been con- 
sidered; as the figure shows, comparison with the experi- 
mental results appears to be reasonably good, the more so 
because our calculations have been fitted with a single 
parameter. 

To summarize the dependence of the dynamic scattering 
results on the reciprocal coordinate Q, we have chosen the 
half-peak time tlI2 (i.e., S(Q,tl12) = 1/2S(Q,0)) as the 
characteristic parameter. (The reason for our preferring 
t112 to W, where Q = [a In S(Q,t)/dt],,,, is twofold. On 
the one hand, tllP accounts for some intermediate relaxa- 
tion of S(Q,t), unlike SZ which only describes the initial 
relaxation; incidentally, for t - 0 the internal viscosity has 
no effect;gc second, tl12 is less strongly affected than SZ by 
the uncertainty in the determination of S(Q,O), which in 
the back-scattering technique is inevitably entailed by the 
Fourier transform procedure.) The plots of t1/2 vs. Q are 
reported in Figure 4. It should be observed that our 
samples are represented by three curves only, from a 
computational viewpoint, since both CS2 solutions at  30 
OC produce the same coherent structure factor for a given 
Q, whether they are examined with the spin-echo or with 
the back-scattering technique (see Table I). The tl,2 vs. 
Q dependence is conveniently expressed in terms of the 
approximate power law 

tll2QS r const (33) 
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Table I11 

- 

- 

- 

- 

- 

(a) Average Power-Law Exponent Ba in tl12Q" = const for Different Ranges of Q 
T = 70 "C T = 30 "C 

calcd exptl calcd exptl 

I l 

2.86 [0.05 < Q < 0.15 A-'] 2.6 f 0.2 [0.07 < Q < 0.16 A-'1 

2.7 * 0.2 [0.05 < Q < 0.13 A-'] 

2.15 [0.15 < Q < 0.30 A-1] 2.0 f 0.2 [0.11 < Q < 0.27 A-1] (in cs2, 

2.98 [0.05 < Q < 0.16 A-'1 2.9 f 0.2 [0.05 < Q < 0.13 A-'1 
(in c13D13) (in C6D6) 

(in CS2, spin echo) 

back-scattering) 
(b) Variation AB Induced upon the Calculated Average Exponent 9" by the Change of Physical 

Parameters Indicated on Top of Each Column (T = 30 "C) 

range 

suppression of suppression of suppression of 
good-solvent hydrodynamic internal 
expansion* interaction' viscosityd 

0.05 < Q < 0.11 A-' 

0.19 < Q < 0.30 A-' 
0.11 < Q < 0.19 A-1 

+0.2 
+0.1 
-0 

+0.9 
+0.3 

0 to  +0.1 

+0.5 
+0.4 
+0.4 

"Coherent scattering; see eq 33. *That is, Fi2(q) 1, eq 18. 'That is, ho = 0, eq 20-22'. dThat is, T~ = 0, eq 21-22'. 

, , , 

Figure 4. Half-peak time tl12 vs. Q for CBD6 (at left) and for cs:! 
(at right) solutions. The continuous lines are theoretical results 
at T = 30 O C ,  and the dashed line is at T = 70 "C; points indicated 
as 0, 0, A, and A are derived from the experimental results from 
samples 1-4, respectively (see Table I and Figure 3). 

If such a dependence were to hold rigorously, the dou- 
ble-logarithmic plots of Figure 4 should appear as straight 
lines; although this is rather well verified over appropriate 
intervals of Q, especially for the calculated curves, the 
exponent appears to decrease somewhat with increasing 
Q. This is shown numerically in Table IIIa, where the 
average B's observed for different Q ranges, both theo- 
retically and experimentally, are reported; once again, the 
agreement appears to be satisfactory. 

We have investigated the separate effects on the theo- 
retical figure of 8 due to the good-solvent expansion (i.e., 
a2(q), see eq 18), to the hydrodynamic interaction (i.e., ho, 
eq 20) ,  and to the internal viscosity (i.e., T,, eq 21, 22'); 
indicative results are given in Table IIIb. (Adding the 
effects of course is not permissible except to a rough ap- 
proximation.) While the solvent expansion appears to have 
a minor importance throughout our Q range, the remark- 
able decrease of the influence of hydrodynamic interaction 
for Q > 0.1 A-l suggests that we identify a characteristic 
range of Q, centered at Q*, such that we have either the 

free-draining or the impermeable-coil model depending on 
whether Q is larger or smaller than this range. It is obvious 
that Q* should increase with increasing h,; the following 
argument shows that we should approximately expect a 
linear relationship between these two quantities. First, we 
assume that there is a scale distance D* a Q*-l. Second, 
D* may be associated with a Fourier coordinate q* through 
q*-'12 0: D*2; in fact, the q* mode represents a wave com- 
prising 27r/q* chain atoms per wavelength, and D*2 may 
be identified with the mean-square distance between atoms 
separated by just one wavelength (for long sequences the 
mean-square distance is approximately proportional to the 
contour length). Third, looking at eq 20 the crossover must 
correspond to h j ( q * )  = 1 and, since it is possible to show 
from (20') that f ( q * )  0: q*-''* (provided q* << 1, q*N >> 11, 
by substitution we get 

Q* ho/l (34) 

For Q > Q* the intramolecular properties should dom- 
inate the dynamics for any polymer concentration (even 
in a melt, entanglement or reptation effects do not appear 
to be observable for Q > 0.05 A-' 38). For Q < Q* and in 
dilute solution, we should approach 8 = 3 (Zimm limit), 
independently of the configurational chain proper tie^.^^ 
In contrast, it should be pointed out that the 8 exponent 
observable at Q > Q* may range in principle from 4 for 
a very flexible chain (Rouse model) to less than 3 for a very 
rigid chain.8 It is noticeable that the experimental figure 
of 8 is close to 2 at higher Q (Table IIIa); from our cal- 
culations this result is clearly seen as due to intramolecular 
factors only, namely the configurational rigidity (i.e., the 
sharp-peaked C ( q ) 9  and the internal viscosity,gc in 
agreement with previous theoretical analyses. In another 
study the decrease of B below 3 at higher Q was already 
clearly recognized; it was attributed to the approach to the 
single-bead motion within an appropriate bead-and-spring 
model.40 We remark here that the same idea that many 
degrees of freedom are effectively inactive (frozen) in the 
localized motions a t  higher Q is still present in the ap- 
proach of this paper, in spite of a more elaborate physical 
picture. The small, not quite significant increase of the 
experimental 8 (0.05 I Q I 0.16 A-') upon increasing T 
from 30 to 70 "C may be due to the temperature depen- 
dence of the internal viscosity (see eq 24).  

The very small value of ReR derived from ( ( -0 .4  A, see 
Table 11) suggests inadequacy of Stokes' law a t  the level 
of the single monomeric units, a t  least in its current in- 
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terpretation. Perhaps this result may be qualitatively 
reconciled with the molecular dynamics investigations of 
Brey and Gdmez Ordbfiez who find that, for given densities 
of the solute and the solvent, the friction constant becomes 
smaller than expected from Stokes' law when their mo- 
lecular masses have comparable values.4' Since our range 
of observation lengths is relatively small, being of the order 
of a few tens of angstroms, the normal modes contributing 
to the time decay of S(Q,t) are relatively localized and 
consequently the effective polymer mass may not be much 
larger than that of the solvent. This interpretation seems 
to be qualitatively consistent with the fact that we get a 
larger value for Reff (=2.76 A) from a previous best fit on 
the frequency axis between the calculated and experi- 
mental data of the complex moduluseC where the collective 
chain modes tend to give a substantial contribution. Be- 
sides, it  should be pointed out that the viscosity of the 
solvents used for the mechanical measurements (Le., 
chlorinated diphenyls, qs N 70 P1') is about 104 times larger 
than that of the present solvents. From our results we may 
suggest that, with solvents of comparable viscosity and in 
a reasonably limited range of time and temperature, a 
suitably parametrized form of Stokes' law works reasonably 
well, considering that the calculations reported in Figures 
3 and 4 are carried out with a single value of Reff. 

I t  should not be forgotten that we have another inde- 
pendent source of the ratio {/q8, namely the parameter ho 
= 0.03 (see ref 9c and Table 11), whence Reff = 0.125 A. 
Even considering that the classical Oseen theory in the 
preaveraged form may not be fully adequate in quantita- 
tive terms, it is worth mentioning that Kirkwood and 
Riseman obtained results in the same range as ours, from 
zero-frequency measurements on polystyrene solutions 
where the hydrodynamic interaction appears to be the 
dominating factor (they get t/qs = 2.5 X and 10.5 X 
lo-* cm from benzene and butanone solutions,42 whence 
the respective Reff)s are 0.12 and 0.57 A, see eq 23). 

Concluding Remarks 
A theoretical investigation based on quasi-elastic neutron 

scattering results from atactic polystyrene solutions in the 
range 0.05 < Q < 0.3 A-' has been carried out. We have 
taken into account what are currently considered as the 
most important factors, namely (i) the intramolecular 
elasticity, (ii) the internal viscosity, (iii) the hydrodynamic 
interaction, and (iv) the excluded-volume effect. Factor 
i has been taken care of by extending the calculation of 
the generalized characteristic ratio C(q) from the simple 
case of an - [ A ] r  polymer7p8 to that of an -[A-B]r chain 
with a random distribution of stereoisomeric centers; for 
the range under investigation we have shown that this 
polymer may be treated as an equivalent - [ A ] w  chain 
with appropriate parameters, thus simplifying the problem. 
Factors ii-iv have been embodied in the linear dynamic 
equations via the parameters T ~ ,  ho, and 6, respectively, 
which in turn have been estimated from previous exper- 
imental  measurement^.'^-^^ The Fourier configurational 
representation of the chain dynamical modes permits a 
self-consistent treatment of all the variables, within the 
whole range of interatomic  distance^.^-'^ The only pa- 
rameter tQ be determined was the effective radius per chain 
atom Reff, which gives the friction coefficient { through 
Stokes' law (see eq 23), hence the time unit to (eq 16); the 
interatomic correlation function B(k,t) is then obtainable 
from eq 22 and consequently the coherent dynamic 
structure factor S,,,(Q,t) from eq 32. 

Choosing the best-fitting value of Reff, our results show 
a satisfactory agreement with experiment. Indicating with 
t l jz  the half-peak time of Smh(Q,t), at sufficiently low values 
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of Q (50.1 A-1) the 23 exponent of the power law tlpQ' 
N const is close to 3, according to the theoretical predic- 
tions for an impermeable coil. At higher Qs  the hydro- 
dynamic effect tends to vanish and the joint influence of 
the configurational rigidity and of the internal viscosity 
leads to a further reduction of B to a value around 2. The 
excluded-volume effect appears to be small in the whole 
Q- range. 

I t  should be stressed that within the present theoretical 
investigation some fast-relaxing motions are deliberately 
ignored. In fact, in addition to disregarding the small 
amplitude chain normal modes with the short relaxation 
times ~ ~ ( q )  (see eq 131, we have assumed that the scattering 
power is concentrated on the chain atoms, thus implying 
that the scattering by the nuclei of the phenyl rings is also 
neglected. However, although the size of these rings ( ~ 3 - 5  
8) is not negligible compared with the shortest distances 
probed by the radiation (=2?r/Q,, = 20 A), it is realistic 
to assume that their scattering contribution should relax 
more quickly than that of the chain, due to their relatively 
fast motions. In conclusion, the S(Q,t) curves should be 
characterized by a somewhat faster initial decay than 
displayed by our calculations (see Figure 3). I t  is reason- 
able to expect that the related error should be mainly 
reflected upon the calculated t l lz ,  much less upon the 
exponent 23. 

Work is in progress to extend the present investigation 
to other polymers showing different degrees of flexibility, 
with the purpose of comparing specific properties of dif- 
ferent polymer chains outside the universal ranges. 
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Appendix 

chain atom is, from eq 10 and by using eq 7 and 9 
The x-projection of the elastic force acting on the kth 

(A-la) 

where 

U(q)  = [A%) - p-'(dI exp[iA(dl - [A%) + K1(dl 
(A-2a) 

[A-'(q) +  dl exp(-iq) - [A%) - P%)I exp[iA(q)l 

To obtain the Fourier transform of the dynamical equa- 
tions ( l l ) ,  we must express the coordinates x(2p) and x(2p  
- 1) in terms of ?A(q) and xB(q)  ( q  # 0). From the rela- 
tionship (see Figure 1, x ( 0 )  2 x ( 2 N ) )  

V(q)  = 

(A-2b) 

k 

h=l 
x(k) - ~ ( 0 )  = [ C I&)], (A-3) 

assuming x(0)  f 0 and antitransforming eq 6 to get l(h), 
we have 
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In view of the stochastic nature of 8 , ( t )  and 8,( t )  the 
functions within the integrals must identically vanish, and 
thus the following secular equation is obtained 

0 (A-10)  I C ,  - a , i i  d ,  - b , / ~  

Det[c* - U , / T  d 2  - b ; / i  

7 being either T~ or T ~ .  This gives for T~ and 7 2 ,  after 
substituting the symbols (ah”.d,) from eq A-2 and A-5 

121W(q) - d W ( q )  - 8ClC2A(q)dq)(l - cos 4 ) )  

12k~T(1 - COS q )  d q )  = 

(A- 1 lb) 

where 

W q )  = (Cl + l z ) [Mq)  + P m l  + 
[5; COS (4  + A(q)) + Cz COS A(q)l[A(q) - P ( ~ ) I  (A-12) 

Equating to zero the four coefficients of the time expo- 
nentials in (A-9) gives two independent equations. A 
further two are obtained from the residual parts of the 
equations outside the time integrals; solving these four 
equations gives expressions for pl ,  p2, ul, and up as follows: 
pi = K72[8i(d2Ti - b2) + 22(b1 - di7i)I (A-13a) 

p2 = K71[81(b2 - d272) + 82(d172 - b1)l 

u1 = K7,[X1(a2 - c271) + XZ(c1q - al)] 

a2 = K71[81(~272 - 4 + X ~ ( C Z ~  - ~ 1 7 2 ) ]  

(A- 13b) 

(A-13~) 

(A- 13d) 

and 

(A-14) 2 
(71  - 72)(aibz - a2b1) 

K =  

Registry No. Polystyrene (homopolymer), 9003-53-6; neutron, 
12586-31- 1. 
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Excluded Volume Effects in the 8 Regime. 1. Perturbation 
Formulation for a Repulsive-Attractive Potential? 
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ABSTRACT Perturbation methods are used to develop a theory of dilute polymer solutions in the 8 regime. 
The theory assumes that a polymer can be represented as a Gaussian random walk that interacts through 
a pairwise potential. The formulation is graph theoretical and is developed in a way that is independent of 
polymer topology. Various properties are treated scattering and pair correlation functions, the end-to-end 
vector, the radius of gyration, the hydrodynamic radius, and the second virial coefficient. Unlike &function 
theory, the excluded volume potential used here is bounded and contains repulsive and attractive interactions. 
These interactions persist at the 8 temperature and give a reference state that is non-Gaussian, except in 
the &function limit of the theory. Several conclusions are reached (1) the 8 chain is swollen relative to the 
unperturbed chain (no interactions) but this swelling does not affect the ratio of the radius of gyration to 
the end-to-end vector; (2) the swelling is greater for the hydrodynamic radius than the radius of gyration 
(non-Gaussian behavior); (3) a universal excluded volume parameter (hence a two-parameter theory) is found 
only in the &-function limit. Finally, it is shown that in the short-range interaction limit the theory can be 
generalized to arbitrary excluded volume potentials by introducing a dimensionless parameter that is related 
to the second moment of the cluster formation. 

I. Introduction 
The &function perturbation theory of the excluded 

volume effect, due to Fixman,l has come under close scru- 
tiny in recent years. Most of the recent interest has cen- 
tered on the convergence properties of the cluster series 
and on the assumption that two-body interactions provide 
an adequate description of the 8 regime. In this connec- 
tion it has been suggested by Edwards2 and Gordon et al.3 
that the perturbation series for expansion factors is actu- 
ally divergent (this does not necessarily limit its utility for 
calculations, however, since the series appears to be as- 
ymptotic). Aronowitz and Eichinger4 have explicitly 
demonstrated the presence of divergences in the series for 
expansion factors of small chains. They trace this difficulty 
to the &function potential (a preaveraged cluster function) 
and estimate a radius of convergence of order I/Wl2 for 
the cluster series. Oono5 has demonstrated that the per- 
turbation series is an expansion about a singular point (a 
collapse transition for infinite chains) and has also esti- 
mated a radius of convergence of order I/W/2. 

Oyama and Oono6 have expressed doubt that the 
many-body interactions in a real polymer chain can be 
expressed in terms of the segment binary cluster integral 
alone-a measure of binary contacts. They include the 
effect of three-body interactions and find that these tend 
to swell the polymer a t  the 8 point (a specific solvent 
effect), without affecting exponents. 

This work performed at Sandia National Laboratories supported 
by the U.S. Department of Energy under Contract No. DE-ACO4- 
76DP00789. 

Monte Carlo simulations of lattice and continuum chains 
have been done for poor, marginal, and good solvents. 
These studies represent a polymer chain as an interacting 
walk whose many-body potential can be approximated by 
a sum of pairwise interactions between segments. The 
potential has a temperature-dependent parameter that can 
be adjusted to achieve the desired solvent condition. 
Excluded volume potentials chosen for such studies differ 
in two ways from the 6 Potential: they are of nonvanishing 
width and do not identically vanish at the 8 temperature. 
In these studies the 8 condition is achieved by balancing 
the repulsive core interaction against an attractive inter- 
action that occurs at larger distances. We will refer to this 
chain as the 8 chain so as to distinguish it from the un- 
perturbed chain (no excluded volume interactions). 

Baumgartner’ and Webman et al.* have simulated con- 
tinuum chains with Lennard-Jones interactions. Baum- 
gartner has found that a t  the 8 point, defined by the 
vanishing of the second virial coefficient, the exponent for 
the polymer radius is lj2 but the chain is swollen relative 
to the unperturbed state. In fact, for the width of the 
excluded volume potential chosen by Baumgartner, 
(R2),J{R2), ,  - 1.7, where the subscripts refer to the 8 and 
unperturbed chain, respectively. 

It would seem that this swelling is not of any real sig- 
nificance in itself, since an appropriately renormalized 
unperturbed chain would be equivalent to the 8 chain 
insofar as the radius of gyration is concerned. It is not 
clear, however, that this renormalized chain is equivalent 
to the 8 chain in all its properties. For example, obvious 
differences between these models would arise in the cal- 
culation of exponents for the radius in l and 2 dimensions. 
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